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Planet migration

All planets migrate

Migration rates vary



Mean motion resonance

Planet 1

Planet 2

Star



Resonant planetary systems

Lee & Peale 2002, Kley & Nelson 2008, Sandor et al 2007

•Convergent migration leads to resonant capture

•N-body or hydrodynamical simulation

• Successful in explaining a range of system: GJ876, 
55 Cancri,  HD73526, ...



... HD45364
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Formation scenario

Rein, Papaloizou & Kley 2010

Have:
•Two planets
•Disc

Want:
• 3:2 resonance

• Infinite number of resonances

•How to choose?

• Initial positions

•Migration speed is crucial

• Resonance width and libration period define 
critical migration rate



N-Body simulations

3:2 2:1



Hydro simulations

Massive disc (5 times MMSN)

• Short, rapid Type III migration 

• Passage of 2:1 resonance

• Capture into 3:2 resonance

Rein, Papaloizou & Kley 2010

Large scale-height (0.07)

• Slow Type I migration once in resonance

• Resonance is stable

• Consistent with radiation hydrodynamics



Formation scenario leads to improved ‘fit’
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Turbulent disc

•Angular momentum 
transport

•Magnetorotational 
instability (MRI)

•Density perturbations 
interact gravitationally 
with planets

• Stochastic forces lead to 
random walk

• Large uncertainties

Animation from Nelson & Papaloizou 2004
Random forces measured by Laughlin et al. 2004, Nelson 2005, Oischi et al. 2007



Level of abstraction

Analytic model
Describing evolution in a statistical manner
Adams 2008, Rein & Papaloizou 2009

N-body simulations
Generating random forces, integrating planets directly
Rein & Papaloizou 2009, Baruteau & Lin 2010

Full 3D MHD simulations
Stratification, dead zones, non-ideal MHD,...
Nelson & Papaloizou 2004, Rein et al. 2013
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http://arxiv.org/find/astro-ph/1/au:+Baruteau_C/0/1/0/all/0/1
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http://arxiv.org/find/astro-ph/1/au:+Lin_D/0/1/0/all/0/1
http://arxiv.org/find/astro-ph/1/au:+Lin_D/0/1/0/all/0/1


Hamiltonian formalism
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tween apsidal corotation and mean motion resonance as well as
to consider a wide range of planet masses and stochastic force
amplitudes. In addition, we derive a prescription for incorporat-
ing continuous stochastic forcing terms that allows for a general
autocorrelation function with associated correlation time. Their
magnitudes are related to properties of the protoplanetary disk
and physical scaling laws are found. This is of particular im-
portance as the factors that control the strength of the stochas-
tic forcing are not well constrained. We also use our formalism
to estimate the stochastic diffusion rates of the orbital elements
from first principles.

We further remark that Adams et al. (2008) gave a discus-
sion of the diffusion of resonant angles that do not satisfy the
d’Alambert condition (see eg. Hamilton 1994) which is equiva-
lent to the requirement of rotational invariance. Thus their ap-
pearrance cannot be straightforwardly connected to the basic
equations or angles discussed in this paper unless one assumes
that the variation of the longtitude of pericentre of one or both
of the interacting planets can be neglected. However, the system
lifetimes derived from their numerical work is broadly consistent
with ours for the parameter regime they considered.

We find that stochastic forcing readily produces systems in
mean motion resonance with broken apsidal corotation. An ad-
ditional aim of this paper is to use this feature to construct sce-
narios involving convergent migration and stochastic forcing to
account for the HD128311 system.

The plan of the paper is as follows. In section 2 we present
the basic equations governing two interacting planets subject to
external stochastic forces. We specialize to the case where the
planets are either in or near a mean motion commensurability
and so retain only the two angle variables that vary on a time
scale much longer than the orbital one. Considering the case
where these angles undergo small amplitude librations, we iden-
tify fast and slow libration modes, the former being associated
with variations in the semi-major axes and the latter with the an-
gle between the apsidal lines of the two planets. We go on to
consider the effects of stochastic forcing arising from some ex-
ternal process such as disk turbulence in section 2.3 deriving the
diffusion rates for the orbital elements of a single planet and the
growth rate of the libration amplitudes in the two planet case.

In section 3 we discuss the origin and numerical implemen-
tation of the stochastic forcing and their operation in the sin-
gle planet case. In section 4 we go on to consider the stochastic
forcing in the two planet case. We consider the conversion of
the fast and slow modes from libration to circulation for model
systems of varying total mass ratio and initial eccentricities in-
cluding GJ876. The attainment of small eccentricities and cou-
pling to the fast mode results in conversion of the slow mode to
circulation before the fast mode. Investigations are carried out
for stochastic diffusion rates, proportional to the mean square
stochastic force amplitude ranging over several orders of magni-
tude. The life time of the resonant angles is found to be inversely
proportional to the diffusion rate except in the case of systems
with low total mass in the earth mass range.

In section 5 we exploit the tendency of the slow mode, re-
lated to the angle between the apsidal lines, to be driven to cir-
culate while the fast mode still librates in stochastically forced
systems, to make a model for the formation of the HD128311
system which may be in such a state and was not readily un-
derstood in terms of convergent migration models for producing
the commensurability. We combine the effects of such migra-
tion and stochastic forcing, showing that during the migration
phase, while the librations tend to be stabilized, the slow mode
is readily converted to circulation while the fast mode contin-

ues to librate. Good agreement is obtained with the somewhat
uncertain observed orbital configuration. Finally in section 6 we
summarize and discuss our results.

2. Basic Equations
We begin by writing down the equations of motion for a single
planet moving in a fixed plane under a general Hamiltonian H
in the form (see e.g. Snellgrove et al. 2001; Papaloizou 2003)

Ė = −n
∂H

∂λ
(1)

Ġ = −
(

∂H

∂λ
+

∂H

∂#

)

(2)

λ̇ =
∂H

∂L
+ n

∂H

∂E
(3)

#̇ =
∂H

∂L
. (4)

Here the angular momentum of the planet is G and the energy is
E. For orbital motion around a central point massM we have

G = m
√

GMa(1 − e2) and (5)

E = −
GMm

2a
, (6)

where G is the gravitational constant, a the semi-major axis and
e the eccentricity. The mean longtitude is λ = n(t − t0) + #,
where n the mean motion, with t0 being the time of periastron
passage and# being the longitude of periastron.

2.1. Additional Forcing of a Single Planet
In order to study the phenomena such as stochastic forcing we
need to consider the effects of an additional external force per
unit mass F which may not be described using a Hamiltonian
formalism. However, as may be seen by considering general co-
ordinate transformations starting from a Cartesian representa-
tion, the equations of motion are linear in the components of F.
Because of this we may determine them by considering forces of
the form F = (Fx, Fy) for which the Cartesian components are
constant. Having done this we may then suppose that these vary
with coordinates and time in an arbitrary manner. Following this
procedure we note that whenF, as in the above form is constant,
we may derive the equations of motion by replacing the original
Hamiltonian with a new Hamiltonian defined through

H → H − m (Fx x + Fy y) = H − m (r · F) . (7)

The additional terms proportional to the components of F

correspond to the Gaussian form of the equations of motion
(Brouwer & Clemence 1961).

The various derivatives involving r can be calculated by el-
ementary means and expressed in terms of E, G, λ and #. One
thus finds additional contributions to the equations of motion
(1) - (4), indicated with a subscript F, in the form

ĠF = m

(

∂

∂λ
+

∂

∂#

)

(r ·F) = m (r × F) · êz (8)

ĖF = mn
∂

∂λ
(r · F) = m (v · F) (9)

#̇F = −m
∂

∂L
(r · F) or equivalently (10)
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!̇F =

√

(1 − e2)

na e

[

Fθ

(

1 +
1

1 − e2

r

a

)

sin f − Fr cos f

]

(11)

λ̇F = −m

(

∂

∂L
+ n

∂

∂E

)

(r · F) (12)

=
(

1 −
√

1 − e2

)

!̇F +
2an

GM
(r ·F), (13)

where the true anomaly f is defined as the difference between
the true longitude and the longitude of periastron, f = θ − !.
Note that from (9) we obtain

ȧF = −
2aṅ

3n
=

2(Fre sin f + Fθ(1 + e cos f))

n
√

1 − e2
. (14)

and from (8) together with (9) we obtain

ėF =
G(2EĠ + GĖ)

G2m3M2e
. (15)

In the limit e # 1 this becomes (ignoring terms O(e) and
smaller)

ėF = Fr
1

an
sin f + Fθ

1

an
2 cos f. (16)

Furthermore in this limit we may replace f by f = λ − ! =
n(t − t0).

We remark that the above formalism results in equation (11)
which gives an expression for !̇F that indicates that this quantity
diverges for small e as 1/e.We comment that, as is well known,
this aspect results from the choice of coordinates used and is
not associated with any actual singularity or instability in the
system. This is readily seen if one uses h = e sin !, and k =
e cos! as dynamical variables rather than e and !. The former
set behave like Cartesian coordinates, while the latter set are the
corresponding cylindrical polar coordinates. When the former
set are used, potentially divergent terms ∝ 1/e do not appear.
This can be seen from (11) and (16) which give in the small e
limit

ḣF = −Fr
1

an
sin λ + Fθ

1

an
2 cosλ (17)

k̇F = Fr
1

an
sin λ + Fθ

1

an
2 cosλ. (18)

Abrupt changes to ! may occur when h and k pass through the
origin in the (h, k) plane. But this is clearly just due to a coordi-
nate singularity rather than a problem with the physical system
which changes smoothly as this transition occurs. The abrupt
changes to the ! coordinate occur because very small perturba-
tions to very nearly circular orbits produce large changes to this
angle.

2.2. Multiple Planets

Up to now we have considered a single planet. However, it is a
simple matter to generalize the above formalism so that it ap-
plies to a system of two planets. Here we follow closely the dis-
cussions in Papaloizou (2003) and Papaloizou & Szuszkiewicz
(2005). Excluding stochastic forcing for the time being, we start
from the Hamiltonian formalism describing their mutual inter-
actions using Jacobi coordinates (see Sinclair 1975). In this for-
malism the radius vector r2, of the inner planet of reduced mass
m2 is measured from M and that of the outer planet, r1, of re-
duced mass m1 is referred to the centre of mass of M and m2.

Thus from now on we consistently adopt a subscripts 1 and 2 for
coordinates related to the outer and inner planets respectively.

The required Hamiltonian correct to second order in the
planetary masses is given by

H =
1

2
(m1|ṙ1|2 + m2|ṙ2|2) −

GM1m1

|r1|
−

GM2m2

|r2|

−
Gm1m2

|r12|
+

Gm1m2r1 · r2

|r1|3
. (19)

Here M1 = M + m1, M2 = M + m2 and r12 =
r2 − r1. The Hamiltonian can be expressed in terms of
Ei, Gi, !i, λi, i = 1, 2 and the time t. The energies are given
by Ei = −GmiMi/(2ai), and the angular momenta Gi =
mi

√

GMiai(1 − e2
i ) with ai and ei denoting the semi-major

axes and eccentricities respectively. The mean motions are ni =
√

GMi/a3
i .

The Hamiltonian may quite generally be expanded in a Fourier
series involving linear combinations of the three angular differ-
ences λi −!i, i = 1, 2 and!1 −!2 (eg. Brouwer & Clemence
1961).

Near a first order p + 1 : p resonance, we expect that both
φ1 = (p + 1)λ1 − pλ2 − !2, and φ2 = (p + 1)λ1 − pλ2 −
!1, will be slowly varying. Following standard practice (see eg.
Papaloizou 2003; Papaloizou & Szuszkiewicz 2005) only terms
in the Fourier expansion involving linear combinations of φ1 and
φ2 as argument are retained because only these are expected to
lead to large long term perturbations.
The resulting Hamiltonian may then be written in the general
formH = E1 + E2 + H12, where

H12 = −
Gm1m2

a1

∑

Ck,l

(

a1

a2

, e1, e2

)

cos(lφ1 +kφ2), (20)

where in the above and similar summations below, the sum
ranges over all positive and negative integers (k, l) and the di-
mensionless coefficients Ck,l depend on e1, e2 and the ratio
a1/a2 only. We also replaceMi byM.

2.2.1. Equations of Motion
The equations of motion for each planet can now be
easily derived that take into account the contributions
due to their to mutual interactions (see Papaloizou 2003;
Papaloizou & Szuszkiewicz 2005) and contributions from (8) -
(13). The latter terms arising from external forcing are indicated
with a subscriptF . We thus obtain to lowest order in the perturb-
ing masses.

dn1

dt
=

3(p + 1)n2
1m2

M

∑

Ck,l(k + l) sin(lφ1 + kφ2)

+

(

dn1

dt

)

F

(21)

dn2

dt
= −

3pn2
2m1a2

Ma1

∑

Ck,l(k + l) sin(lφ1 + kφ2)

+

(

dn2

dt

)

F

(22)

de1

dt
= −

m2n1

√

1 − e2
1

e1M
·
∑

Ck,l sin(lφ1 + kφ2) (23)

·
[

k − (p + 1)(k + l)

(

1 −
√

1 − e2
1

)]

+

(

de1

dt

)

F
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tween apsidal corotation and mean motion resonance as well as
to consider a wide range of planet masses and stochastic force
amplitudes. In addition, we derive a prescription for incorporat-
ing continuous stochastic forcing terms that allows for a general
autocorrelation function with associated correlation time. Their
magnitudes are related to properties of the protoplanetary disk
and physical scaling laws are found. This is of particular im-
portance as the factors that control the strength of the stochas-
tic forcing are not well constrained. We also use our formalism
to estimate the stochastic diffusion rates of the orbital elements
from first principles.

We further remark that Adams et al. (2008) gave a discus-
sion of the diffusion of resonant angles that do not satisfy the
d’Alambert condition (see eg. Hamilton 1994) which is equiva-
lent to the requirement of rotational invariance. Thus their ap-
pearrance cannot be straightforwardly connected to the basic
equations or angles discussed in this paper unless one assumes
that the variation of the longtitude of pericentre of one or both
of the interacting planets can be neglected. However, the system
lifetimes derived from their numerical work is broadly consistent
with ours for the parameter regime they considered.

We find that stochastic forcing readily produces systems in
mean motion resonance with broken apsidal corotation. An ad-
ditional aim of this paper is to use this feature to construct sce-
narios involving convergent migration and stochastic forcing to
account for the HD128311 system.

The plan of the paper is as follows. In section 2 we present
the basic equations governing two interacting planets subject to
external stochastic forces. We specialize to the case where the
planets are either in or near a mean motion commensurability
and so retain only the two angle variables that vary on a time
scale much longer than the orbital one. Considering the case
where these angles undergo small amplitude librations, we iden-
tify fast and slow libration modes, the former being associated
with variations in the semi-major axes and the latter with the an-
gle between the apsidal lines of the two planets. We go on to
consider the effects of stochastic forcing arising from some ex-
ternal process such as disk turbulence in section 2.3 deriving the
diffusion rates for the orbital elements of a single planet and the
growth rate of the libration amplitudes in the two planet case.

In section 3 we discuss the origin and numerical implemen-
tation of the stochastic forcing and their operation in the sin-
gle planet case. In section 4 we go on to consider the stochastic
forcing in the two planet case. We consider the conversion of
the fast and slow modes from libration to circulation for model
systems of varying total mass ratio and initial eccentricities in-
cluding GJ876. The attainment of small eccentricities and cou-
pling to the fast mode results in conversion of the slow mode to
circulation before the fast mode. Investigations are carried out
for stochastic diffusion rates, proportional to the mean square
stochastic force amplitude ranging over several orders of magni-
tude. The life time of the resonant angles is found to be inversely
proportional to the diffusion rate except in the case of systems
with low total mass in the earth mass range.

In section 5 we exploit the tendency of the slow mode, re-
lated to the angle between the apsidal lines, to be driven to cir-
culate while the fast mode still librates in stochastically forced
systems, to make a model for the formation of the HD128311
system which may be in such a state and was not readily un-
derstood in terms of convergent migration models for producing
the commensurability. We combine the effects of such migra-
tion and stochastic forcing, showing that during the migration
phase, while the librations tend to be stabilized, the slow mode
is readily converted to circulation while the fast mode contin-

ues to librate. Good agreement is obtained with the somewhat
uncertain observed orbital configuration. Finally in section 6 we
summarize and discuss our results.

2. Basic Equations
We begin by writing down the equations of motion for a single
planet moving in a fixed plane under a general Hamiltonian H
in the form (see e.g. Snellgrove et al. 2001; Papaloizou 2003)

Ė = −n
∂H

∂λ
(1)

Ġ = −
(

∂H

∂λ
+

∂H

∂#

)

(2)

λ̇ =
∂H

∂L
+ n

∂H

∂E
(3)

#̇ =
∂H

∂L
. (4)

Here the angular momentum of the planet is G and the energy is
E. For orbital motion around a central point massM we have

G = m
√

GMa(1 − e2) and (5)

E = −
GMm

2a
, (6)

where G is the gravitational constant, a the semi-major axis and
e the eccentricity. The mean longtitude is λ = n(t − t0) + #,
where n the mean motion, with t0 being the time of periastron
passage and# being the longitude of periastron.

2.1. Additional Forcing of a Single Planet
In order to study the phenomena such as stochastic forcing we
need to consider the effects of an additional external force per
unit mass F which may not be described using a Hamiltonian
formalism. However, as may be seen by considering general co-
ordinate transformations starting from a Cartesian representa-
tion, the equations of motion are linear in the components of F.
Because of this we may determine them by considering forces of
the form F = (Fx, Fy) for which the Cartesian components are
constant. Having done this we may then suppose that these vary
with coordinates and time in an arbitrary manner. Following this
procedure we note that whenF, as in the above form is constant,
we may derive the equations of motion by replacing the original
Hamiltonian with a new Hamiltonian defined through

H → H − m (Fx x + Fy y) = H − m (r · F) . (7)

The additional terms proportional to the components of F

correspond to the Gaussian form of the equations of motion
(Brouwer & Clemence 1961).

The various derivatives involving r can be calculated by el-
ementary means and expressed in terms of E, G, λ and #. One
thus finds additional contributions to the equations of motion
(1) - (4), indicated with a subscript F, in the form

ĠF = m

(

∂

∂λ
+

∂

∂#

)

(r ·F) = m (r × F) · êz (8)

ĖF = mn
∂

∂λ
(r · F) = m (v · F) (9)

#̇F = −m
∂

∂L
(r · F) or equivalently (10)



Analytic growth rates
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N-body simulations

Rein & Papaloizou 2009



Correction factors are important

(∆a)2 = 4
Dt

n2

(∆e)2 = 2.5
γDt

n2a2

Rein & Papaloizou 2009, Rein 2010
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Multi-planetary systems in mean motion resonance

• Stability of multi-planetary systems depends strongly on 
diffusion coefficient 
•Most planetary systems are stable

Rein & Papaloizou 2009

GJ 876

Earth



Modification of libration patterns

Rein & Papaloizou 2009

•HD128311 has a very 
peculiar libration pattern

•Can not be reproduced by 
convergent migration alone

• Turbulence can explain it

•More multi-planetary 
systems needed for 
statistical argument

ObservationSimulation



1. Multi-planetary systems
	
 	
 - Standard Model
	
 	
 - Turbulent disc

2. Saturn’s rings



Cassini spacecraft

NASA/JPL/Space Science Institute



•Most propellers found within 
1000km

•Origins unclear

•Dynamical evolution can be 
observed directly

•Moonlet is unresolved

• Size ~50m

• Propeller is a wake

Propeller structures in A-ring

Porco et al. 2007, Sremcevic et al. 2007, Tiscareno et al. 2006



Observational evidence of non-Keplerian motion

Tiscareno et al. 2010

4

Figure 4. Observed longitude of the propeller “Blériot” over 4 years, with a linear trend (616.7819329◦/day) subtracted off. Only data
points with measurement errors σ < 0.01◦ are shown. Error bars (1-sigma) are given, but in many cases are smaller than the plotting
symbol. Panel (a) shows all the data, while panels (b), (c), and (d) contain subsets of the data shown in greater detail. The residuals
to the linear trend (horizontal dotted line) are less than ±300 km, but are clearly not randomly distributed. The dotted line indicates a
linear-plus-sinusoidal fit to all the data, with an amplitude of 0.11◦ and a period of 3.68 yr. The solid lines indicate piecewise quadratic
fits, corresponding to a constant drift in semimajor axis; in particular, the data from mid-2006 to early-2007 (panel c) are fit by a linear
trend with a constant acceleration of -0.0096��/day2 (ȧ = +0.11 km/yr), while the data from late-2007 to early-2009 (panel d) are fit by a
linear trend with a constant acceleration of +0.0023��/day2 (ȧ = −0.04 km/yr).

Table 1
Orbit fits for trans-Encke propellers

Longitude Rms deviation

Nickname n,
◦
/day

a a, km
a

at epoch
b

# images
c

Time interval in km in longitude

Earhart 624.529897(2) 133797.8401(3) 57.85
◦

3 2006–2009 (2.7 yr) 730 0.31
◦

Post 624.4867(3) 133803.99(4) 58.09
◦

3 2006–2008 (1.7 yr) 12 0.01
◦

Sikorsky 623.917736(1) 133885.0475(2) 70.37
◦

3 2005–2008 (3.1 yr) 230 0.10
◦

Curtiss 623.7473 133909.36 210.04
◦

2 2006–2008 (1.7 yr)

Lindbergh 623.3176(2) 133970.69(2) 112.08
◦

3 2005–2008 (3.0 yr) 71 0.03
◦

Wright 622.5527 134080.03 251.85
◦

2 2005–2006 (1.3 yr)

Kingsford Smith 620.761649(2) 134336.9350(3) 202.44
◦

4 2005–2008 (2.9 yr) 670 0.28
◦

Hinkler 619.80519(1) 134474.639(2) 58.85
◦

3 2006–2008 (1.3 yr) 360 0.15
◦

Santos-Dumont 619.458729(1) 134524.6067(2) 324.11
◦

9 2005–2009 (4.3 yr) 670 0.28
◦

Richthofen 617.7011 134778.83 122.90
◦

2 2006–2007 (0.3 yr)

Blériot 616.7819329(6) 134912.24521(8) 193.65
◦

89 2005–2009 (4.2 yr) 210 0.09
◦

a
Formal error estimates, shown in parentheses for the last digit, are for the best-fit linear trend in longitude. They are

much smaller than the rms deviations in longitude, given in the right-hand column.

b
Epoch is 2007 January 1 at 12:00:00 UTC (JD 1782806.0). All orbit fits assume e = 0 and i = 0.

c
Not including images of insufficient quality to include in the orbit fit.

clusively proven) that giant propellers are missing in the

Propeller Belts. Even the largest propellers observed in

the Propeller Belts have ∆r < 1.3 km (Tiscareno et al.

2008), while nearly all observed trans-Encke propellers

have ∆r larger than this value (Fig. 2).

3. THE ORBITAL EVOLUTION OF “BLÉRIOT”

At least 11 propellers have been seen at multiple

widely-separated instances, but “Blériot” is of particu-

lar interest as the largest and most frequently detected

(Figs. 1b, 1c, 1d, 1e, and 1h). It has appeared in more

than one hundred separate Cassini ISS images span-

ning a period of four years, and was serendipitously

detected once in a stellar occultation observed by the

Cassini UVIS instrument (Colwell et al. 2008, 2010).

Analysis of the orbit of “Blériot” confirms that it is

both long-lived and reasonably well-characterized by a

keplerian path. As Fig. 4 shows, a linear fit to the lon-

gitude with time (corresponding to a circular orbit) re-

sults in residuals of ±300 km (0.13
◦

longitude). How-



Two different approaches

Analytic model
Describing evolution in a statistical manner
Rein & Papaloizou 2009, 2010

N-body simulations
Measuring random forces or integrating moonlet directly
Crida et al 2010, Rein & Papaloizou 2010
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Rein & Papaloizou 2010, Crida et al 2010



Effects contributing to the eccentricity evolution 

Laminar collisions

Particles collisions

Laminar circulating 

Laminar horseshoe

Particles circulating

Clumps circulating

Damping Excitation

Equilibrium
eccentricity

Rein & Papaloizou 2010, Crida et al 2010



... semi-major axis evolution 

Particles collisions

Particles horseshoe

Particles circulating

Clumps circulating

Damping Excitation

Random walk 
in semi-major 
axis
+Net “Type I” migration

Rein & Papaloizou 2010, Crida et al 2010



GravTree

• 3D collisional N-body 
simulations

• Large N  
(~few million particles) 

• Barnes-Hut tree used for 
gravity and collisions

• Parallelisation: pthreads 
and MPI

• Real-time visualisations 
with OpenGL

Rein, Lesur & Leinhardt 2010, Rein & Papaloizou 2010
Barnes and Hut 1986



Particle trajectories

Rein & Papaloizou 2010, Crida et al 2010



Results I: Moonlet is undergoing a random walk

Identify most important effects
Collisions (equipartition)
Stochastic forces from circulating particles
Stochastic forces from circulating clumps

Confirm analytic expression for 
mean eccentricity

Confirm analytic expression for 
random walk in semi-major axis

Rein & Papaloizou 2010, Crida et al 2010



Results II: Comparison with observations

Rein & Papaloizou 2010, Tiscareno et al. 2010

4

Figure 4. Observed longitude of the propeller “Blériot” over 4 years, with a linear trend (616.7819329◦/day) subtracted off. Only data
points with measurement errors σ < 0.01◦ are shown. Error bars (1-sigma) are given, but in many cases are smaller than the plotting
symbol. Panel (a) shows all the data, while panels (b), (c), and (d) contain subsets of the data shown in greater detail. The residuals
to the linear trend (horizontal dotted line) are less than ±300 km, but are clearly not randomly distributed. The dotted line indicates a
linear-plus-sinusoidal fit to all the data, with an amplitude of 0.11◦ and a period of 3.68 yr. The solid lines indicate piecewise quadratic
fits, corresponding to a constant drift in semimajor axis; in particular, the data from mid-2006 to early-2007 (panel c) are fit by a linear
trend with a constant acceleration of -0.0096��/day2 (ȧ = +0.11 km/yr), while the data from late-2007 to early-2009 (panel d) are fit by a
linear trend with a constant acceleration of +0.0023��/day2 (ȧ = −0.04 km/yr).

Table 1
Orbit fits for trans-Encke propellers

Longitude Rms deviation

Nickname n,
◦
/day

a a, km
a

at epoch
b

# images
c

Time interval in km in longitude

Earhart 624.529897(2) 133797.8401(3) 57.85
◦

3 2006–2009 (2.7 yr) 730 0.31
◦

Post 624.4867(3) 133803.99(4) 58.09
◦

3 2006–2008 (1.7 yr) 12 0.01
◦

Sikorsky 623.917736(1) 133885.0475(2) 70.37
◦

3 2005–2008 (3.1 yr) 230 0.10
◦

Curtiss 623.7473 133909.36 210.04
◦

2 2006–2008 (1.7 yr)

Lindbergh 623.3176(2) 133970.69(2) 112.08
◦

3 2005–2008 (3.0 yr) 71 0.03
◦

Wright 622.5527 134080.03 251.85
◦

2 2005–2006 (1.3 yr)

Kingsford Smith 620.761649(2) 134336.9350(3) 202.44
◦

4 2005–2008 (2.9 yr) 670 0.28
◦

Hinkler 619.80519(1) 134474.639(2) 58.85
◦

3 2006–2008 (1.3 yr) 360 0.15
◦

Santos-Dumont 619.458729(1) 134524.6067(2) 324.11
◦

9 2005–2009 (4.3 yr) 670 0.28
◦

Richthofen 617.7011 134778.83 122.90
◦

2 2006–2007 (0.3 yr)

Blériot 616.7819329(6) 134912.24521(8) 193.65
◦

89 2005–2009 (4.2 yr) 210 0.09
◦

a
Formal error estimates, shown in parentheses for the last digit, are for the best-fit linear trend in longitude. They are

much smaller than the rms deviations in longitude, given in the right-hand column.

b
Epoch is 2007 January 1 at 12:00:00 UTC (JD 1782806.0). All orbit fits assume e = 0 and i = 0.

c
Not including images of insufficient quality to include in the orbit fit.

clusively proven) that giant propellers are missing in the

Propeller Belts. Even the largest propellers observed in

the Propeller Belts have ∆r < 1.3 km (Tiscareno et al.

2008), while nearly all observed trans-Encke propellers

have ∆r larger than this value (Fig. 2).

3. THE ORBITAL EVOLUTION OF “BLÉRIOT”

At least 11 propellers have been seen at multiple

widely-separated instances, but “Blériot” is of particu-

lar interest as the largest and most frequently detected

(Figs. 1b, 1c, 1d, 1e, and 1h). It has appeared in more

than one hundred separate Cassini ISS images span-

ning a period of four years, and was serendipitously

detected once in a stellar occultation observed by the

Cassini UVIS instrument (Colwell et al. 2008, 2010).

Analysis of the orbit of “Blériot” confirms that it is

both long-lived and reasonably well-characterized by a

keplerian path. As Fig. 4 shows, a linear fit to the lon-

gitude with time (corresponding to a circular orbit) re-

sults in residuals of ±300 km (0.13
◦

longitude). How-
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Conclusions



Conclusions

Multi-planetary systems and turbulence
Multi-planetary system provide insight in otherwise unobservable formation phase

HD45364 formed in a massive disc
Turbulence can be traced by observing multi-planetary systems
HD 128311 has very peculiar libration pattern
Distinctive from non-turbulent migration scenarios

Realistic MHD simulations will give a better estimate of diffusion coefficient
More planetary systems allow a statistical argument

Moonlets in Saturn’s rings
Small scale version of the protoplanetary disc
Dynamical evolution can be directly observed

Evolution is dominated by random-walk
Caused by collisions and gravitational wakes

Might lead to independent age estimate of the ring system

Rein & Papaloizou 2009, 2010, Crida et al 2010
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